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Steady copropagation mode of laser pulse and plasma wave
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Stimulated Raman scattering is investigated using a nonperturbative method. The existence of steady co-
propagation modes of laser field and plasma wave is discussed. The plasma wave strength is analyzed through
its relation with the total energy of the laser-plasma system. It is found that at a sufficiently high laser intensity
there exist stable copropagating modes with non-zero-strength plasma waves. The strength of plasma wave in
a stable steady copropagation mode is found to have an exact expression in terms of the frequency, the wave
vector of the plasma wave and the laser intensity.
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I. INTRODUCTION

As a fundamental phenomenon in laser-plasma inte
tion, stimulated Raman scattering~SRS! has been intensively
investigated over the last several decades. Now it is wid
believed that SRS is an effective absorption mechanism
the laser in plasmas. The efficiency of this SRS absorp
depends on the final amplitude of driven plasma wave, or
growth rate of plasma wave. Numerous theoretical analy
have been devoted to the spatial and the temporal growt
driven plasma wave@1–7#. Among these works, SRS is be
lieved to be triggered by thermal density fluctuation with
the plasma. Hence, the final amplitude of plasma wave
pends on the amplitude of the initial thermal wave, t
growth rate and the interaction time. Because of the un
tainty in the amplitude of the initial noise wave, it is difficu
to estimate the effectiveness of SRS.

The dynamic effects of plasma wave on the laser field
been widely investigated in these works@1–7#. In particular,
these investigations focused at the effect of a single w
with constant amplitude ahead of the laser pulse. This co
sponds to the pulse experiencing a coherent collective o
lation throughout the whole plasma region. In therm
plasma, the disordered thermal motion of the electrons c
petes with coherent collective oscillation and hence, do
favor large-scale plasma wave. Hence, it is necessary to
tend the investigation to several thermal waves with vary
amplitude. In addition, the role of thermal source is to dr
a plasma wave continuously. Whether the plasma wave
be maintained or not when thermal source is removed is
discussed.

Here, we consider the existence of a steady copropaga
mode of a laser field and a plasma wave. Because of
response of plasma to the laser field, the propagation of
laser wave strongly couples with the plasma wave. In ad
tion to the fundamental pump, it possible that some sideb
~Stokes and anti-Stokes! components will copropagate wit
the fundamental pump. A steady copropagation mode of
laser field contains different components with fixed relat
intensities accompanied by a steady copropagating pla
wave. This distribution of laser field over several comp
nents is a result of the response of plasma. This steady
1063-651X/2003/67~3!/036408~6!/$20.00 67 0364
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propagation mode has definite energy and represents a
particle state of laser-plasma system. The monochrom
distribution can be viewed as a special copropagating m
characterized by zero plasma wave intensity.

The paper is arranged as follows. The theoretical mo
equations are developed in Sec. II. Numerical solutions
the discussion of the numerical results are described in S
III. Our results are summarized in Sec. IV.

II. THEORY AND FORMALISM

We start from a nonrelativistic Newton’s equation in on
dimensional~1D! case

] tyz5
1

me
@]z~a0a1* 1a0a2* !2]zf#. ~1!

Here,yz andme are the longitudinal oscillating velocity an
the rest mass of electron, respectively.f is the scalar electric
potential associated with the plasma wave.a0 , a1 , anda2

are the laser vector potential of the fundamental compon
the anti-Stokes component and the Stokes one, respecti

a05
1

A11 f 1
2 1 f 2

2
AI 0exp~ iKz2 iWt!, ~2a!

a15a0f 1exp~ ikz2 ivt !, ~2b!

a25a0f 2exp~2 ikz1 ivt !, ~2c!

whereK andW are the wave vector and the frequency of t
fundamental component,k and v are the relative shift in
wave vector and frequency of the sideband component,
spectively, f 1 and f 2 are the relative amplitudes of side
bands. Here, we are interested in the steady distribution
laser field over the three components,f 1 , as well asf 2 , is
therefore taken as an invariant independent ofz and t.

Now we rewrite Eq.~1! as
©2003 The American Physical Society08-1
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] tyz5
1

me
@ ua0u2]z$ f 1exp~ ikz2 ivt !

1 f 2exp~2 ikz1 ivt !%2]zf#. ~3!

We introduce a parameterl whose value remains to be de
termined and split the above equation into

] tyz2l
1

me
ua0u2]z@ f 1exp~ ikz2 ivt !1 f 2exp~2 ikz1 ivt !#

5~12l!
1

me
ua0u2]z@ f 1exp~ ikz2 ivt !

1 f 2 exp~2 ikz1 ivt !#2
1

me
]zf. ~4!

Since f 1 and f 2 are invariant in space and time, there is

]z@ f 1exp~ ikz2 ivt !1 f 2exp~2 ikz1 ivt !#

52
k

v
] t@ f 1exp~ ikz2 ivt !1 f 2exp~2 ikz1 ivt !#.

~5!

Hence, we can obtain the following relations:

f5~12l!ua0u2@ f 1exp~ ikz2 ivt !1 f 2exp~2 ikz1 ivt !#,
~6!

yz52l
1

me
ua0u2@ f 1exp~ ikz2 ivt !

1 f 2exp~2 ikz1 ivt !#
k

v
. ~7!

Moreover, there is a continuity equation for the electro
fluid

] tn1]zn0yz50, ~8!

where n is the density oscillation,n0 is the static plasma
density.n andf are related with each other via the equati

@] tt2]zz#f52n, ~9!

where the ‘‘2 ’’ in right-hand side of this equation is due t
the negative charge of an electron.

Combining the above equations, we can determine
value ofl,

l5
~k22v2!v2

@~k22v2!v21vp
2k2#

, ~10!

wherevp5An0 /me is the plasma frequency. It depends
the values ofk andv. Physically,l represents the respons
of plasma to the dynamical ponderomotive force. Note thal
does not explicitly depend on the relative amplitudesf 1 and
f 2 .

Among the three variables describing the laser-plas
system, only the laser vector potentiala is independent and
03640
c

e

a

determines other two variables,n and yz . This is a natural
result because the three variables,a, n, andyz , are described
by three equations. The above analysis indicates that
plasma response to the periodic force, the electronic velo
and the density oscillation can be determined via two eq
tions, Newton’s equation and the continuity equation. Th
once the periodic force is determined, we can exactly kn
the plasma response.

Because the appearance of the laser field will inevita
induce the plasma response, this response cause in tur
propagation of laser field exhibiting nonlinear feature. Es
cially, when the laser field is a multicolor one, the beat b
tween the different frequency components provides a p
odic force on the plasma. The propagation of this multico
field is complicated because of the plasma response to
periodic force. We will derive a nonlinear propagation equ
tion of the laser field via variation principle. For the lase
plasma system, its formal Hamiltonian and Lagrangian re

H5F ~ u] ta0u21u] ta1u21u] ta2u2!1~ u]za0u21u]za1u2

1u]za2u2!1
n0

me
~ ua0u21ua1u21ua2u2!G1n0meuyzu2

2
1

2
@n* f1H.c.#1

1

2 F 1

me
~n1a0a1* 1n2a0a2* 1H.c.!G

2u] tfu22u]zfu2, ~11!

L52~ u] ta0u21u] ta1u21u] ta2u22u] tfu2!2H, ~12!

wheren1 andn2 depend onf 1 and f 2 , respectively, which
can be known from the expression off. This Lagrangian is
a combination of three LagrangiansL5Llaser1Lf1L f ree ,
one for the laser field, one for thef field, and one for the
free electrons. Asf, yz , and a are independent of eac
other, the variation principle will lead to three independe
motion equations, wherer is the coordinate of an electron,

05
dL

da
5

dLlaser

da
5~]zz2] tt!a2vp

2a2 j' , ~13a!

05
dL

df
5

dLf

df
5~]zz2] tt!f2n, ~13b!

05
dL

dr
5

dL f ree

dr
52] ttr 1“@ j'~r !a2f~r !#; ~13c!

the latter two equations correspond to Eq.~9! and Eq.~1!,
respectively, the first one describes the propagation of
laser field when the fluctuating currentj' is present.

Substituting the expressions ofn, f, anda6 into Hamil-
tonian, we obtain

H5~11 f 1
2 1 f 2

2 !~W21K21vp
2!ua0u21ua0u2~v21k2!

3~ f 1
2 1 f 2

2 !12~Wv1Kk!~ f 1
2 2 f 2

2 !ua0u21ua0u4

3@~12l!2~k22v2!2~12l!~k22v2!#~ f 1
2 1 f 2

2 !
8-2
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1l2vp
2 k2

v2
ua0u4~ f 1

2 1 f 2
2 !2~v21k2!~12l!2ua0u4

3~ f 1
2 1 f 2

2 !. ~14!

We use two parameters to describe the frequency shift
the wave vector shift because there may be a difference
tween them

b1«5
v

W
, b2«5

k

K
. ~15!

We can separately obtain the propagation equations o
three components via the variation principle (dL/da)50.
Although yz and a are two vectors perpendicular t
each other,yz•yz* and a•a* are scalar quantities. Becaus
the unit vectors e' and ez satisfy ez•ez5e'•e'51,
we have d(yzez•yz* ez)/d(a* e')5d(yze'•yz* e')/d(a* e')
5d(yz•yz* )/da* e' . The propagation equations of the thr
components are written as

05H ~11 f 1
2 1 f 2

2 !~W22K22vp
2!

22l2vp
2 ~b2«!2

~b1«!2

K2

W2
ua0u2~ f 1

2 1 f 2
2 !1~W22K2!~ f 1

2

1 f 2
2 !@2ua0u2~l21!~b21«2!1~b21«2!#

1~W21K2!~ f 1
2 1 f 2

2 !@4ua0u2~l21!b«12b«#

12b~W22K2!~ f 1
2 2 f 2

2 !12«~W21K2!~ f 1
2 2 f 2

2 !J a0 ,

~16a!

05H ~W22K22vp
2!22l2vp

2 ~b2«!2

~b1«!2

K2

W2
ua0u2

1~W22K2!@2ua0u2~l21!~b21«2!1~b21«2!#

1~W21K2!@4ua0u2~l21!b«12b«#12b~W22K2!

12«~W21K2!J a0f 1 , ~16b!

05H ~W22K22vp
2!22l2vp

2 ~b2«!2

~b1«!2

K2

W2
ua0u21~W2

2K2!@2ua0u2~l21!~b21«2!1~b21«2!#

1~W21K2!@4ua0u2~l21!b«12b«#22b~W22K2!

22«~W21K2!J a0f 2 . ~16c!

Here, the nonlinear equation of fundamental field becom
dependent on the strength of sideband. Although the eq
03640
nd
e-

he

s
a-

tions of sidebands are still linear, their parameters cha
due to the variation in the fundamental field. In the stand
perturbative theories in which each physical quantity e
pands as a series of small perturbation parameters, the
damental field is treated as an invariant because of its in
pendence of perturbation parameter. In our nonperturba
treatment, the back action of sideband on the fundame
field is taken into account and the fundamental field becom
dependent on the intensity of sideband.

Because of the difference between the last two equat
in the above equation set, the solution of this equation
must satisfy the condition thatf 1 and f 2 cannot simulta-
neously be unequal to zero, i.e.,

f 1 f 250. ~17!

Clearly, (f 1 , f 2)5(0,0) corresponds to the monochrom
distribution. For f 150, we can obtain following relation
from Eqs.~16a! and ~16c!:

0522l2vp
2 ~b2«!2

~b1«!2

K2

W2
ua0u21~W22K2!@2ua0u2~l21!

3~b21«2!1~b21«2!#1~W21K2!@4ua0u2~l21!b«

12b«#22b~W22K2!22«~W21K2!, ~18a!

05W22K22vp
2 . ~18b!

Similarly, for f 250, there is

0522l2vp
2 ~b2«!2

~b1«!2

K2

W2
ua0u21~W22K2!@2ua0u2~l21!

3~b21«2!1~b21«2!#1~W21K2!@4ua0u2~l21!b«

12b«#12b~W22K2!12«~W21K2!, ~19a!

05W22K22vp
2 . ~19b!

For SRS,b1«5vp /W. Combining the above two equa
tions, we have a resonant condition for the sideband

05H 22l2F ~b2«!2

~b1«!2
2~b2«!2G12~l21!~b21«2!

1@4~l21!b«#F 2

~b1«!2
21G J ua0u21@~b21«2!22b#

1@2b«22«#F 2

~b1«!2
21G . ~20!

Onceb and« satisfy this resonant condition, the correspon
ing sideband (b,«) can have nonzero strength. From th
equation, we know that whetherb and« satisfy the resonan
condition or not depends onua0u2. With the sideband grow-
ing, the intensity of fundamental componentua0u2 will vary.
8-3
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Thus, the relative position of the sideband to fundamen
component, orb and«, will change. Unlessb and« satisfy
the following equations:

0522l2F ~b2«!2

~b1«!2
2~b2«!2G12~l21!~b21«2!

1@4~l21!b«#F 2

~b1«!2
21G , ~21a!

05@~b21«2!22b#1@2b«22«#F 2

~b1«!2
21G ,

~21b!

the relative position of sideband will be invariant withua0u2
changing. Whether a sideband can be resonant or not w
the intensity of fundamental component changes is impor
to its growth. Suppose that a sideband (b,«) satisfies Eq.
~20! at ua0u25x1, it can grow at thisua0u25x1. However,
with this (b,«) sideband growing,ua0u2 will decrease tox2
,x1, thus this (b,«) sideband will be out of resonant an
slowed down its growth if it does not satisfy Eq.~21!.

The sidebands with (b,«) satisfying Eq.~21! represent a
type of particular excitation of laser field, which will be res
nant with the fundamental component at any strength.
such sidebands, their strength can grow to a substantial l
because the sideband always be resonant. Hence, (b,«) sat-
isfying Eq. ~21! denotes the steady copropagation modes
laser field and plasma wave.

The relative positions of sidebands are determined by
~21!. Their positions are independent of the intensity of fu
damental component. Now we determine the strength of
sideband. For simplicity in symbol, letf 25 f , f 150. We
rewrite Hamiltonian as

H5H 2

~b1«!2
I 01F11

~b2«!2

~b1«!2
2~b2«!2G f 2

11 f 2
I 0

22F 1

~b1«!
1

~b2«!

~b1«!2
2~b2«!G f 2

11 f 2
I 0

1~l22l!S 12
~b2«!2

~b1«!2
1~b2«!2D f 2

~11 f 2!2
I 0

2

1l2F ~b2«!2

~b1«!2
2~b2«!2G f 2

~11 f 2!2
I 0

22~12l!2

3F11
~b2«!2

~b1«!2
2~b2«!2G f 2

~11 f 2!2
I 0

2J vp
2 , ~22!

wherel can be derived from Eq.~10!,
03640
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l~b,«!

5
2@4b«1~b22«2!2#~b1«!2

2@4b«1~b22«2!2#~b1«!21~b1«!2@12~b1«!2#
.

~23!

More explicitly, we expressH as

H~y!5S0~ I 0 ,b,«!1@S1~ I 0 ,b,«!2S2~ I 0 ,b,«!#~12y!

1S2~ I 0 ,b,«!~12y!2, ~24a!

0,y5
1

11 f 2
,1. ~24b!

From this expression, we know that they value at the mini-
mum of Hamiltonianymin is determined by (I 0 ,b,«). The
minimum of Hamiltonian andymin can be expressed in fol
lowing five types for differentS2 , S1 , S0. For positiveS2 ,

Hmin5S02
~S12S2!2

4S2
, ~25a!

0,ymin512
S12S2

2S2
,1, ~25b!

or

Hmin5S0 , ~26a!

ymin51, ~26b!

or

Hmin5S01S1 , ~27a!

ymin50. ~27b!

Moreover, for negativeS2 , ymin is 0 or 1. For clearness, w
use Fig. 1 to illustrate different types ofH-z curves. For
these five types, only the type-3 has a finite nonzero lo

FIG. 1. Five possible types ofH-z curve, wherez512y.
8-4
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minimum 0,ymin,1. In other words, only type-3 mode ca
have nonzero plasma wave strength. For any sideb
(b,«), according to the values ofS2 , S1 , S0, we know
which type this (b,«) mode belongs to. WhenI 0 changes,
the position of sideband (b,«) does not change, but the typ
it belongs to may change. This can be illustrated by an
ample shown in Fig. 2. A mode (b50.49,«520.06), which
belongs to type-1 at lowI 0 case, belongs to type-3 at highI 0
case.

For any (b,«) mode, in principle, its strength can be a
bitrary. However, only when its strength corresponds toymin ,
any small variation in strength will otherwise cause the
ergy of the systemH to increase. We denote these modes
in LM state when their strength corresponds to a local m
mum of H.

These steady copropagation modes are obtained from
variation principle. They represent free particle states of
teracting laser-plasma system. If the system is isolated f
the environment, it will keep its initial state withf 50, (y
51). The environment contains numerous thermal sour
which can weakly perturb the laser-plasma system and
change energy with the system. Here, the thermal so
refers to the local electronic coherent oscillation and the
ordered thermal motions of electrons, just not the den
wave throughout the whole plasma. This coupling betwe
the system and the environment cause the system ener
fluctuate, and the system state correspondingly oscillates
tween the different steady modes. On the other hand, we
take the system plus the environment as an isolated
semble. For this ensemble, its energy,Eens5Esys1Eenv ir , is
conserved. This ensemble has equal possibility to occ
every microscopic states of energyEsys1Eenv ir . Thus, for
the laser-plasma system, its possibility of occupying a ste
state of energyE1 depends on the number of the enviro
ment microscopic states of energyEens2E1. For the envi-
ronment, it consists of numerous thermal sources, and h
its energy can be approximately expressed as the summ
of the energy of each thermal source,Eenv ir 5( jej . The mi-
croscopic state of the environment is described by the par
eters of thermal sources, such as the energy of every the
source. It should be noted that the largerEenv ir is, the larger

FIG. 2. The dependence ofH on y when b50.49,
«520.06.
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the number of the set (ej ) satisfyingEenv ir 5( jej . This sug-
gests that largerEenv ir corresponding to more microscop
states of the environment. Thus, when the degree of en
exchange between the system and the environment is gi
smallerE1, or largerEenv ir , is favored.

From the above analyses, we know that LM states hav
larger possibility to be present than that of their neighbor
states whosef slightly differ from the LM state. Especially
for a (b,«) mode, whenf 50 is not a LM state and a LM
state with finitef exists, the system will tend to be presen
for long time, plasma wave and (b,«) sideband at a substan
tial level. Note thatf 5` also corresponds to the plasm
wave strength equal to zero.

III. NUMERICAL RESULTS AND DISCUSSIONS

In the following numerical experiments, we first presen
2D plot, Fig. 3 about the position of (b,«) modes that satis-
fies ua0u2-independent resonant condition, Eq.~21!. In Fig. 3,
the mode withb2« larger than 1 corresponds to the sid
band propagating in opposite direction to the fundamen
component. Moreover, the modes in type-2 and type-5 c
respond to monochromatic laser field in a new fundame
component, and hence the plasma wave strengths in
modes are zero. BecauseS2 is square dependent onI 0, while
S1 is linear dependent onI 0 , S12S2 may change its sign and
value whenI 0 varies. In Fig. 4, the point near to the origi
corresponds to very high fundamental frequencyW, the nu-
merical calculation of Hamiltonian indicates that it has ve
high energy exceeding that of the original monochroma
distribution. In contrast, the numerical results indicate t
the points at the upper right corner have lower energies t
that of the original monochromatic distribution. From Fig.
one can find that the type of a given mode may change w
I 0 varies. WithI 0 rising up to a threshold;3.55, the number
of type-3 modes increases. These results reveal that ther
more possible sidebands that can appear in highI 0 case than
those in lowI 0 case. The existences of many type-3 mod
indicates that even no explicit and definite external sou
drives, the system is still possible to keep a steady copro
gation mode of laser field and plasma wave. The strengt

FIG. 3. The positions ofua0u2-independent resonant sideband
8-5
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associated plasma wave in type-3 mode can be exactly
culated via Eq.~6!, Eq. ~9!, and Eq.~25!. The existence of
type-3 mode implies that when the thermal source effec
not considered there exists a definite relation between
laser intensity and the plasma wave intensity. In contrast,
plasma wave driven by the thermal source does not h
definite strength because of uncertainty of the initial stren
of thermal seed. For realistic experimental condition,
strength of plasma wave is a mixture of the above two d
ferent classes, one is definitely dependent on the laser in
sity and the other associated with the uncertain ther
seeds. Because the former requires sufficiently high lase
tensity, only the latter is responsible for the strength
plasma wave at lowI 0 case. This result proves the validity o
attributing plasma wave to being triggered by the therm
sources at lowI 0 case. Furthermore, our numerical resu
indicate that for modes in type-2, theirHmin are higher than
at least that of one mode in type-3. These results reveal

FIG. 4. The positions of type-3 (b,«) modes under differentI 0.
.

A
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type-3 mode is more favorable to decrease the system en
than that of type-2 mode.

The existence of stable steady copropagation mode is
portant to the interaction of strong relativistic laser bea
with plasma. For the beam with sufficiently high laser inte
sity, the filamentation effect will cause the laser beam
break into many filaments in transverse section. Every fi
ment region has high laser intensity and its transverse st
ture can be ignored because its transverse section is
small. We can apply the above method to analyze the lon
tudinal excitation of laser field in a filament region. It
possible for a single filament region to occur spontaneou
copropagation mode with nonzero plasma wave strength

IV. SUMMARY

Based on a nonperturbative method, we discuss the e
tence of steady copropagation modes of laser field
plasma wave. The fundamental pump is not treated as ri
and the back action of sideband on the fundamental pum
considered. This back action arises from the plasma resp
to the laser field. An analysis of the plasma response in
cates that there is an exact relation among the laser ve
potential, the electronic velocity and the density oscillatio
This exact relation causes the equation of fundamental pu
to depend on the strength of sideband. At a sufficiently h
laser intensity, the mutual dependence of the fundame
pump and the sideband can lead to stable steady multic
distributions to have a lower energy than monochromic d
tribution. Such stable multicolor distribution can maintain
plasma wave in a substantial level for a long time even wh
the thermal source is removed.
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